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GENERALIZED FACE-PRODUCTS OF MATRICES IN MODELS
OF DIGITAL ANTENNA ARRAYS WITH NONIDENTICAL CHANNELS

V. L. Slyusar

Central Research Institute of Armaments
and Military Equipment of the Armed Forces of Ukraine

The paper describes new matrix operations forcompact netation.of responses in radio—engineering _
systems, which use the technology of digital formation of radlatmn patterns of antenna arrays in the
case of nonidentical reception channels.

An internet search made it possible to discover a number of foreign dissertations and materials of international
conferences dated 1996-2001, in which the authors suggest using the Khatri~Rao matrix product for signal processing in
digital antenna arrays (DAA) [1]. Independently of the authors of [2], this mathematical apparatus was first applied by the
authgr of [3] to the problems of many—coordinate radar measurements, who, like Khatri and Rao, decided to use this matrix
operation and called it the transposed face-splitting product. | |

Based on the principle of symmetry, in [3] the operation of face—product was also introduced, which, as distinguished
from the Khatri—-Rao procedure, periitted row—by-row Kronecker multiplication of matrices with equal numbers of rows,
and the main properties of this procedure were investigated. This innovation was ahead of the initiative of Prof, Fortiana of
the University of Barcelona in mathematics, who, independently of [3, 4], also suggested the operation of face-splitting
product of matrices and called it the semi—Hadamard product [3]. In the course of email communications, Mr. Fortiana
- appreciated the results described in [3, 4] and confirmed their priority. The time elapsed since the publication of [3, 4]
proved the validity of this approach, and the increased number of its followers among foreign specialists points to the
inconsistency of a skeptical attitude to this sphere of research. '

This paper develops the theory of face-products of matrices as applied to treatment of the problems of radar and
communication based on DAA applications.

It is well known that when considering many—coordinate information and measurement systems with digital shaping
of the radiation pattern in the case of nonidentical channels of antenna arrays, there arises a problem of compact matrix
formalization of the reception channel responses. To resolve this problem, we propose a family of new versions of
face—products based on the penetrating face—multiplication of matrices of different size [6], and on generalized operations
of face—products and block face—products [7]. |

The essence of the penetrating face~multiplication [6] is that for the rows in which the many—dimensional right-hand
matrix 1s to be “split”, we consider those rows or columns of numbers, which are arranged in the dimension complementary

with respect to the left-hand matrix. By the penetrating face—product of a pxg-matrix A = [a;] and an n—dimensional

matrix B (n 2 3), deployed into the block row or block column with pxg-blocks (B = [B,]), we mean a matrix (with
dimension B) of the type

A@B=[40B,] . ' ' (1)
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where the product Ao B is the Hadamard-type, and for the matrix B represented as a block—-row or a block-column,
respectlvely,

AGB=[AB, | AoB, i AoB, -],

2

| | T
AQB:[ATOBIT AT eB] 1 4TopT ]

where “T” denotes transposition.
In the case of a p—vector C and of a two—dimensional matrix B matched to it in the number of rows, we obtain the
ldentlty Cd B=CBB8 [6]. For the p-—row CT and a two—dimensional matrix B, Wthh are matched in their number of

columns, the relation CT B = CTOB is valid. Among other properties of the penetrating face~multiplication, we must
mention its commutativity (4@B = B@A), but, for convenience, we assume in what follows that the matrix of Tesser
dimension is situated to the left. |

A peculiar feature of the penetrating face—product is “infiltration” of the two—dimensional matrix into the
three—dimensional one, so that dimension of the latter remains unchanged. The operation introduced by (1) makes it
possible to formalize the process of infiltration of discrete sets through sets of a larger dimension. Mathematical simulation
of this procedure is often required in analysis of radio—engineering systems. For example, for a three—coordinate Doppler
radar system with a planar digital antenna array (DAA), in which the radiation patterns of its antenna elements cannot be
factored, for the single-signal case expression (1) permits us to describe the noiseless analytical mode! of signals at the
outputs of R frequency filters, where this model can take the AFR discrepancies of the reception channels into account [7]:

U=aq- (QIF) =4-[Qo F}’ Q Fyi-eiQoF, i, (2)

Here a is the signal complex amplitude,

l“

-Qn(x’}’) le (x,y) Qm (x, )

Qm (x, y) ka (x,y) -- 'QRR (x, y)
is the matrix of complex characteristics of directivity of antenna elements of the planar DAA,

F(®) - Fa(®) F@) ~ Fr(®)  Aw(®) ~ Fen(0)]
F =| . ‘. . . . . c ve. s . " .

Fri(®) - Frai(®) Friy(®) - Frpo(w) Frn(®) -+ Fran(w)
is the block matrix of complex-valued frequency responses of digital filters F,,, () at the signal frequency © for RxR

reception channels of the DAA (each rmth channel is characterized by a particular AFR of the nth frequency filter F,,,(w),

and the ordinal number » of the block corresponds to the numbers of the Doppler filters while the first two numbers in the

indices of rm elements of every block are identical to ordinal numbers of indices of the matrix Q and to the number of the
respective reception channel). |

Thus, every nth block of the product Q@F can be written as

r . ' - - 1

Q (X, J’)'Fi () Q 12(x; J’)'Flzn(‘ﬂ) o 0 r(x Y) Fire( ©)

Q o Fn = | ‘ " R ;

0 0 (x Y Fau(®)  Q alx ) Fra®) -+ Q pa(x. ) Fraa(0) |

pl

When solving the problem of range measurement and direction finding, in a pulse radar system with the planar DAA
the nonidentitites of reception channels can be considered integrally in the whole reception band. This is done by the
respective description of the pulses’ envelope in each channel of the array. The appropriate model of responses of a
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three—coordinate pulse radar system to a single source can also be written with the use of the penetrating face—product in
- the form [7]

U=a-(Q8S)=a-[Q§,:QeS,i-iQ0S, ],

Qll(xry)'Sl!g(z) le(xn}’)'Slzg(Z) QIR(an’)'Sle(Z)_I |
where QoS§, = : | : : | are the blocks of Hadamard

QR' (%, ¥) Srig (2) QRz(x’y)'SRzg(z) QRR(x-Y)'SRRg(Z)

products, and S,,,,.(2) is the response of the gth strobe of range in the nmth reception channel.

It should be noted that, depending on the varniant of processing, for §,,,..(z) we may consider not only the results of
additional gating of ADC samples, but the discrete envelope of the pulse signal in the sample having the zth ordinal
number. This fact must be taken into account, because, for brevity, we will indicate only the first of the possible
interpretations of the above function of the parameter z.

In order to formalize the model of a 4—coordinate radar system with a planar DAA, when we simultaneously estimate
the range, frequency, and angular coordinates of targets, in the case of nonidentity of channels it is convenient to use the
generalized face—product (GFP) [7]. This type of multiplication is intended exclusively for block matrices whose blocks
have equal dimensions, and may be defined as follows:

The generalized face—product of block matrices 4 = [4;] and B = [B,,] with a matched partition into blocks of equal

dimensions and with the same number of block—rows is the matrix 4 © B, in which every ith block—row represents a totality
of penetrating face—products of all blocks 4, of the ith block-row of the left-hand matrix by the block~row B;=[B;;... B,,...
Big], with the corresponding number of the right-hand matrix B: |

AoB=[A;0[B4 By - Bi]] (3)

wanere@denotes the penetrating face—product.

Having compared the face—product with matrix operation (3), it can be easily seen that the GFP represents, in essence,
its counterpart, but at a higher level of generalization. Here the role of matrix elements acting in the previous
face—multiplication 1s now played by the matrix blocks. In addition, instead of the ordinary product, in GFP we use the
Hadamard product (see the definition of the penetrating face-multiplication (1)).

The methodological significance of the new type of matrix product permits us to consnder It as a promising tool for
systems analysis and synthesis.

Having established the necessary terminology and the features of the matrix apparatus used, we consider the sought
mathematical model of a four—coordinate radar with a DAA. In the case of a solitary signal, whose source can be called
pointwise, the array of output (noiseless for simplicity) voltages of the reception channels of a digital pattemn—shaping
network, after additional gating of the ADC samples in range and formation of frequency filters, can be written as

: 1 |
U =(Q+ SoF D -q =Q@[S, QF:S, FE---ESTF]-(:, (4)
A )/

0 (xy) Qny) - O (x y).

where Q= : L | is the matrix of complex—valued directivity characteristics of the

Qm (x, y) an (x,y) - QRR (x J’).
antenna elements in the planar DAA,

Sm(z) - S,R,(z)ESm(z) o Sipa(2) i iS16(2) - SIRG(Z)-I
S=[Sl Sz'“SG]= : : beee s . :

Sru(z) - SRRI(Z) sz(z) - Sgra2(2): ESRI;?(Z) SRR;?(Z)J
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is the block matrix of responses of G range strobes from RxR reception channels, whosé different AFR lead to different
envelopes of the pulse signals (each #mth channel in the gth range strobe will have its own, quite peculiar, envelope of the
pulse signal S,,,.(2)), and F is the block matrix of characterlstlcs of N ﬁ'equency filters, which is similar to that considered
in (2). |

In amore sophlstlcated multiposition case, when all the positions represent 4—coordinate radar stations with DAA (4),

the general analytical model of the multistatic system, when resolvmg the range — bearing problem for a single source, can
be formahzed with the aid of GFP (3):

5=[§5<§5F r)*é. - - o (5)

Here the block matrices U, 0, S, and F have the same meaning as in (4), but differ from the latter in that they have an
additional index in the block matrix elements — corresponding to the positional number of the multiposition system:

r - =

._‘Qllf _(x,y) Q:zn(x.y-)' Q1Rl'(1,y)-

él le (x, J’) QRZI (x, ) ékm (x, y)l

...........................................................

I BE BB B BN BN BE B B BN R B N NN NN RE BN B RN N RN N A N OB NN R N NN AN BN T ORE BE RN NERECN RN RN RN RN O NN W)

- QP- N Ql”’ (xry) QIZP (I,}") - QIRP (x,y)

l_.QRIP (x, ) anp (x,y) - QRRP (x, y)

o

S =

fl

'_S:Pl §P2 - Spe

Sm.n(z) SIRI.I(Z) 5111.2(2) Slkl.z(z) ' Smf?(z) Slmf?(?-) 1

| Sen@ - Sen(@ Sen@) - Swa®  Swe( - Swo()

’

Supi(z) - Swe(2) Sup2(2) - Swe2(z)  Suee(2) - Sizec (2)

Sm:n(z) SRRI;I(Z) Sm;z(z) Sm:oz(z) SRU;G(Z) SRRI;G(Z) '

while the matrix F tumns into the matrix S if we replace the symbols S and z in it by symbols F and o, respectwely
With the use of block—{ype notations, relatlonshlps (5) can be represented in a more detailed form based on definition (3):

(a3 $u -~ Se]|[F Fa = Fn]
U.= : o : E roe E 0 : E cos E .é::
Op | | Spr Spa -+ Spg Fpr Fpy -+ Fpy }
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—éle[gll@[Fll Fw]]‘ 51@[512[51 F:N]] él[SlG[Fll FIN]]

a,

Hépg[gvm[Fm o Fpy ]] ép[g”-?[F”‘ FPN]] 'éP[E”G[FP' FPN]]

where each pgnth block of the resulting matrix U is defined by Hadamard’s product of the respective blocks of matrices é,

e Sy

SV F
ﬁpgn =(ép G’S:pg oﬁpﬂ).é=

é'éup (x, y).'S[']pg (Z)'Fllpn ((D) é"élkp (xa y)'SlRpg (2) Flan ((D) .

a-Orip (5 ) Sipg (2) Fripn (@) @ Orap (% ¥)- Sigg (2)° Fron (@)

If we have to estimate simultaneously the angular coordinates and ranges of M sources, and the characteristics of
reception channels of DAA are nonidentical, the solution of this measurement problem requires introduction of the concept
of block generalized face-product (BGFP) of matrices [7]. The operation reduces to implementation of the
block-by-block procedure of generalized face—product applied to the blocks of the same hierarchical level.

By the block geneFalized face—product of adbpxngs matrix 4 = [4,,};, and a dbpxnks matrix B =1{Bj;] 4 consisting
of equal numbers (dxn) of super-blocks with dimensions bxg and bxk, res_pectivelxz formed by b block-rows each, and
comprising g (the matrix 4) and & (the matrix B) pxs blocks, is meant the matrix 4@ B, each dnth super-block of which
represents the generalized face—product of the respective super-blocks of the initial matrices:

a -

AO®B=|4, 98,
- Jdn

"Based on this definition, consider now a single—position radar system, which resolves the range—bearing problem with
M signal sources. The voltages of its output pulse mixture, without noise taken into account, can be represented by the
operation of the block GFP in the form |

U=(QO@S)YA®I, ®1.), ' (6)

On(xi, ) - QrGy) OnGu.ym) - O uoym)]
\vhere-Qz ‘ oo . coe . vos . ,S=[S] Sz...SM]’and
Ori (X1, 1) - Gre i, )t)  OriGmsym) - Ore us¥u) '

S (Zm) e SlRl(zm) S1i6 (Zm) SIRG(Zm)
S, = : : : : -
SRll(zm) SRRl(zm) SRIG(Zm) Smp(zm) -
- A=|a, ay...a, ]T is the vector of complex aniplitudes of M signals, 1, and 1 are identity matrices with their dimensions
RxR and GxG, respectively, while the block—matrix U with its entries Uy, = Z Qm*Sprg (Zm ) Cr (Xm» Ym ) has the

m=l|

form_
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In the process of 4—coordinate measurements, the model (6), supplemented with frequency selection, is transformed
into the following matrix expression: "

U=(QO®SOF)A®1, ®l; @1y ) (7)

where, as distinct from (6), the block—-matrix U is supplemented with new blocks, whose indices correspond to ordinal
numbers of the frequency filters:

U““ e UlR“ UllGl e UlRGl UIIGN "t UIRGN
U= E ves E .o : . E BREX E “es E l’
UR“I Tt URR“ UR[GI oo L URRGI UR]GN ot URRGN J

and

" M |
Ukrgn =2 &m 'Skrg (Zm)'ri (xmsrym )'ka(mm):F=[Fl F2"'FM]s
m=] . . . e _

L m

(A (@n)  Fini(0n) Fiun (0,) - FIMV(('J-:;»)-I
F, = : : : :

t

..an.(“)m) annkmm) FR!N.(‘Dm.) Fm.(mm)_t

and 1. is the GxG identity matrix.
For the multi~position case, (6) and (7) can be generalized as follows:

Tt ey oy P ey Teh pey,

U=(0 ®5S)A®I, ®l5)\U=(QBSOF)A®1; ®l; ®ly) (8)
where
O ) o Qe () Om Garsyu) - Oirt carsyar)
5 Orit x1,1) = Qrmi 1) Ori G yu) o Qrei (Cm2Ymr)
Oup (x1,0) =+ Qire (X1511) Our usyu) - Qire ars¥ur )
Orir (X1, 3) =+ QOree (X1, ) Orip Xas¥m) -+ Qrre (XarsYu)
(S0 Fw o Sw] [0 Fa o B
S=| : AP R O : P,
Spr Sp2 - Spm tFPl Fpy -+ Fpy
while

Sup(zm) 0 Sz (Zm) Siupc(zm) =+ Sirec(2m)
§ o ; : .
Sript(zm) = Srrpt(Zm) Sripg(Zm) = SrreG (Zm)

Fllpl((‘)m) FIRpl(mm) anN(“Jm) FlRpN(mm)

P

Fon=| . . .
Frip(©n) -+ Frep'(0n) Fripn (@n) *+ Freon (©On)

It can be easily seen that the peculiar feature of the above many-signal models is representation of the amplitude
cofactor as the Kronecker product of the vector of amplitudes by the identity matrices. In order to reduce the number of the

14



Radioelectronics and Communications Systems
Vol. 46, No. 10, 2003

latter, it is expedient to use formalization of the radar many-signal models based on the Operatlons of transposed GFP and
BGFP [7]. By analogy with the concepts considered above, we shall give the tollowing definitions of these operations.
The transposed generalized face—product (TGFP) of block-matrices 4 = [4 ] and B = [B,;], with the matched

decomposition into blocks of equal dimensions and with the same number of block—columns, represents a matrix 4A%8, in
which every jth block—column is a set of the penetrating face-products of all blocks 4; of the _]th block—column of the

left-hand matrix by the respective (in terms of ordinal number) block—column B, -[BlTj. B;; ]" of the right-hand matrix
B: | '

AB =| 4:; 8| . (9)

.

where @ denotes the penetrating face—product.

By the transposed block generalized face—product (TBGFP) of a dbpxngs matrix 4 = [4 beldn and a dkpxngs matrix
B = [Bygldns consisting of equal numbers (dxn) of super-blocks with dimensions bxg and kxg, respectively, formed by g
block—-columns each, and comprising b (the matrix 4) and k (the matrix B) pxs blocks, is meant the dbkpxngs matrix A @B

where each of its dnth super-blocks represents the transposed generalized face—product of the respective super—blocks of
the initial matrices, i.e., 4 ®B = [A be ® Big ] g

In order to preserve the continuity in the system of matrix notations, which was used earlier for description of the
direction~finding characteristics of DAA of Doppler’s filter AFR and responses of the procedures including the range
gating, let us supplement the above theory with a description of the operation of block—rotation of matrices [7].

The block-rotation of a matrix 4, each block 4;; of which represents a block-row or a block—column, is an operation
consisting of non—transposed rotation of the indicated block—rows (block—columns) of the sought matrix about their first
blocks in the clockwise direction (in the counter—clockwise direction, respectively), so that the block-rows turn into
block—columns, and vice versa. Inside the blocks comprising the block-rows (block—columns), no changes occur, and the
structure of the matrix 4 also remains unchanged at the level of the blocks 4;;.. To denote this operation — by analogy with
transposition, we shall use for the superscript in the block matrices, the letter R corresponding to rotation.

In the MatLab 5.0 package and in its subsequent versions there is a built—in variant of the rotation procedure rot(4),
which differs considerably from that suggested in this paper. Unfortunately, the standard conception, if applied to block
matrices, leads to a result unsuitable for applications to our problem.

Based on the set of new concepts, we come to alternative (with respect to (6)—(8)) models of many-signal radar
measurers for simultaneous estimation of range, angles, and frequency of several point signal sources:

U=(Q®S*)4®1,) U=(QC5(SR€>FR ))(A ® 1, )

n..n""""'ﬁu

U=(0®SRYA®1,), U= (Q@(SR@)FR))(A@]R), (10)

Here the matrices Q, Q 1z, and the vector 4 have their former meaning, while S RS g R FR ,1? R are the block matrices

S,S,F,F having undergone rotation and interpreted like relations (6)~«8), and
R _[oR R R_[prR pR LR
st=[stsy--sh}FF=[FFFRFR],

Slll(zm) SIRl(zm) Flll(mm) "'@ FIRI((Dm)
SRll(zm) SRRl(zm) | FRII(mm) FRm(COm)
Sk = : - JFR = : ;
SnG(Zm) SIRG(Zm) FIIN(mm) FIRN(mm)
Srig(zm) = Srrc(Zm) LFMN((Dm) o Fren ((Dm)J
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SR R SR SR R = R
S Sz v Sim _ Fio Foo o By
Sh=| : T A o : S
| g gGR SR SR R -
i_Sm Spa " SPM_J Fer Fpp FPM__
Sip(m) o Swplem) | [ Fi(@n) o Finp(0m) ]
_ SR Ipl(zm) e S RRpl(zm) - FRIpl(mm) e FRRpl(mm)
Som = | 5 , Fom = 5 .
S1pG(2m) = Swrp(Zm) Fon(®n) - Firpn(©m)
Srpc(zm) SRR,,G(z,,,)_ __FRIPN(“)M) Fmpn(mm)_‘

It is noteworthy that in all relations (10) we can find the same amplitude factor 4 ® 1. The further reduction of its
dimensionality consisting in its interpretation by the vector of amplitudes, is based on the so—called block vectorization,
which, as distinct from the known vec—operators, is applicable not to the whole matrix but to individual blocks.

The operation of block vectorization of a blockvnse dpxsc—matrix 4 represents its block—-by-block transformation
with the aid of the vec—operator, i.e., '

bvec ,. A =bvec . [A 4] =[vecla,. ]] o (1)

_ The double subscript pc at the operator bvec,, defines the dimensions of the blocks subject to the vec—operator.
Generation of these blocks is performed beginning from the left-hand upper comner of the transformed matrix, with account
for the fact that the index p denotes the number of rows while the index ¢ — the number of columns in the block.
Having applied the procedure of (11), we can derive from (10) the following analytical expressions of the pulse signal
voltages in a 3— and 4—coordinate radar system with DAA:

- [bvec e (QO®SF )]A, U =[ bvec ,, (Q @(s*@FF ))] 4,

U =[bvec, (8574, U buec, (08(5*@F*))]

The subsequent use of the generated models of responses of the radar systems with DAA is identical to the variants of
resolving the measurement problems described in [4], and to the procedures of analysis of potential accuracy and
estimation of maximum attainable resolving capacity of many—coordinate measurements as applied to identical channels
of the antenna array. The concrete mechanism of application of the above models may vary substantially depending on the
problem to be solved. With the availability of this powerful matrix apparatus, researchers must only make their choice and
select the most convenient variant of formalization of the matrix model of DAA response from those considered above.
Then, based on the unified approach, we can perform the further analysis of the potentialities of a particular
radio—engineering system or synthesis of the coordinate measurement methods corresponding to the system structure,
particularly, simultaneous estimation of coordinates in a many-signal situation. The development of these lines of research
was hampered because of imperfection of the traditional matrnix algebra. In the theory of radar, communication, and
systems analysis there are other problems, whose solution may be facilitated by the use of the approach suggested.
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